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Influence of Flame Front on the Flow Field 
By H. S. TSIEN,I PASADENA, CALIF. 
Flame front is a region in the flow field where rapid 
change in the chemical cOIn position of the fluid occurs 
with consequent release of chemical energy in the form of 
heat. In the majority of cases the phenomenon is a very 
complicated one involving the heat transfer by conduction 
and radiation, the changes in concentration of the differ-
ent components by diffusion and chemical reaction. Ow-
ing to this and the difficult problem of chemical kinetics, 
only recently the complete theory of flame front has been 
formulated, particularly by the group under J. O. Hirsch-
felder.' Fortunately, as a result of the rapid rate of 
chemical reaction, the thickness of the flame front under 
ordinary conditions is generally very small, being less than 
I mm. Therefore, if one is interested in the influence of 
flame front on the flow field but not on the detailed struc-
ture of the flame, the flame Can be assumed as infinitesi-
mally thin, and only the final changes of the state of fluid 
due to combustion need be considered. This procedure is 
entirely analogous to that of treating the shock wave as 
having zero thickness in studying dynamics of compressi-
ble fluids. This simplification will be adopted for the 
present investigation. 
NEGLECTI~G the change in specific heats of the gas by combustion and assuming perfect gas, very simple rela-tions for quantitips before the combustion and after the 
comlmstion can be obtained. This will be detl'rmined first. 
'With these relations, the production of vorticity due to non-
uniform condition before the flame front will be studied. After 
these prpliminary results, the problem of flame width in a two-
dimpnsiollal combustion chamber of constant width with a flame 
holdm' at the Cl'nter will be solvpd approximately. This prob-
lem was first solved by A. C. Scurlock. 3 The present calculation 
is, however, very much simpler and is extended to take into ac-
count the compressibility of the gas. The effect of compressi-
bility gives an anomalous spreading of the flame in the channel, 
and its significanee in the efficiency of combustion and combus-
tion-chamber design will be diRcus~ed. 
FLAME FRONT 
Consider the flame front to be stationary, and the unburned 
gas flows into it with a normal veloeity 8 and leaves it with a 
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velocity W2; 8 is then the normal flame velocity. Let p, p, and 
y be the prpssure, density, and the ratio of specific heats, respec-
tively. The subscript 1 will denote quantities before the com-
bustion and the subscript 2 after the combustion. Then the 
equation of continuity is 
PIS p,W2 ..................... [IJ 
The momentum equation is 
PI 8' + PI = PeW2' + P2 .......... ...... [2J 
If A is the ratio of the stagnation temperature after combustion to 
the stagnation temperature before the combustion, the energy 
equation is 
[
1 Y PI] 1 'Y P2 A - 8' + -~ -- = - w,' + -- - ...... [3 J 
2 'Y - 1 PI 2 'Y - 1 P2 
Consider the quantities PI, 8, and A as given by the detailed 
theory of flame or by experiment. Then Equations [1], [2J, 
and [3 J are three equations for the three unknowns W" p" and 
Pt. The solution corresponding to normal burning can be written 
as follows 
Wt PI = A + 'Y + 1 A (A _ 1) M I ' 8 P2 2 
'Y + 1 ' + ~2- A(A - 1) {1 + ('Y + 1) (A - 1) I M I ' + ........ [4J 
p, 'Y + 1 
, = 1 - 'Y(A - I)MI2 - -2- 'Y A (A - 1) M I' 
PI 
- 'Y ; 1 'YA(A _ 1) {I + ('Y + 1) (A - I)} MIG + ....... [5J 
The temperature ratio '1'z/7\ is 
'Y - 1 'Y2 - 1 1.--- 1.(1. -l)MI ' - -- 1. 2(1. -1) M I ' + ... 2 2 
. ........... [6] 
In these equations, the quantity MI is the ratio of the flame ve-
locity 8 to the sound velocity al in gas before the combustion, or 
the :\Iach number of the flame. Since, under ordinary conditions, 
8 is of the order of 1 fps while al is of the order of 1000 fps, MI 
is very small and generally only the first terms in Equations 
[4], [5], and [6J are necessary. 
PRODUCTION OF VORTICITY BY FLAME 
It is known that in a nonviscous and non-heat-conducting 
fluid, if the pressure is only a function of density, then the vor-
ticity of any fluid element is a constant. These conditions of 
flow are satisfied approximately by real fluid without heat addi-
tion or combustion. :\10st fluid motions of practical interest origi-
nate from a uniform state, where vorticity is zero or the motion 
is irrotational. Then the motion will remain irrotational. This 
irrotatiollality of flow simplifips greatly the analysis of the field. 
Hence it is of interest to investigate the extent to which this 
condition is destroyed by flame front. In other words, the pro-
duction of vorticity by flame should be calculated. 
For simplicity, consider the two-dimensional flow. Let the 
gas be of uniform composition and having a constant sum of en-
'j 
2 
thalpy and the kinetic eIlPrgy, or isoencrgC'tic, bdore combustion. 
In vi8w of the gC'J1Prally irrotational flow without combustion, 
the flow bdore the flame front will be assumed to be irrotational 
and thus isentropic. The problem spC'cifically is then to calculate 
the vorticity w after the flame. Let 6 be the specific entropy and 
f the stream function. ThC'n it is known' that for steady flows 
whC're again the subscript 2 denotes quantities after the flame 
front. For perfect gas, Equation [7] can be written as 
w = _1_ P2 ~. {lOg (P'2) - 'Y log (£3) + log -p-;-} .. [8] 
'Y - 1 dY'2 PI PI PI 
Before the flame, 61 is constant, so PI! PI'! is const,mt. Since 
df2 = dfl, Equation [8] simplifi('s to 
w = ~1 PI (P'2) .. ~ { log (P'2) + 'Y log (0)} .. [9] 
'Y - 1 PI dfl PI P2 
The pr8ssure ratio Pz/Pl and the density ratio pz/ PI ar2 given by 
Equations [4] and [5]. Therefore the production of vorticity 
is controlled by the variation of the flame Mach number Ml or 
Sial and the paramet8r A along the flame front. 
Perhaps due to very intense transport phenomena genC'rated 
by the large temperature rise in the flame, the normal flame 
velocity S is observ~d to be only weakly dppcndcnt upon th~ 
local conditions before combustion. According to H. Sachsse,5 
the normal flame velocity of methane-oxygen mixture is in-
creased tOt 3 times the value at room temperature by preheating 
the mixture to 1000 C. Later experiments by Sachsse and E. 
Bartholome6 indicated an increase of' approximately 30 per cent 
in flame velocity by preheating various gas mjxtures from 20 to 
100 C. From this evidence, it seems that the normal flame ve-
locity increases roughly as th" absolute temperature of the "un-
burned" gas mixture. The experiments on the influence of pres-
sure on the flame vt'locity do not scem to give conclusive results, 
but in any event, the influence is not large. Therefore, for the 
computation of the production of vorticity by flame front, two 
separate cases can be considered. For the first case, the flame 
speed S is taken to be a constant. For thC' second CaRE', thp 
flame speed S is to be proportional to the absolute temperature 
T l • 
Write 
P2 
PI 
F 
PI = G 
pz 
Then Equation [9] can be written as 
w 1 [{ 1 'OF 'Y 'OG ( ( dMl') 
'Y - 1 F Ii 'OM I ' + G 'OMl' r PI dpl 
{ I 'OF 'Y 'OG (( dA)] dpI + F 'OA + G is>.: ( PI dpI df~' 
[10) 
.. [II] 
4 "On Rotational Gas Flows." by A. Vazsonyi, Quarterly of Applied 
Mathematics, vol. 3,1945, pp. 29-37. 
5 "Uber die Temperaturabhangigkeit der Flammengeschwindig-
keit und das Temperaturgefalle in der Flammenfront," by H. Sachsse, 
Zeitschrift filr physikalische Chemic (A), vol. 180, 1937, pp. 305-
313. 
6 "Beitriige zur Frage der FlamnlE'ngeschwindigkeit," by H. 
Sachsse and E. Bartholome, Zeitschrift fur Elektrochemie und 
an(Jewandte ph,llsikalische Chemic, vol. 53, 1949, pp. 183-190. 
If t:;.ll is the heat addition per unit mass of the gas due to chemi-
cal reaction, then from the d2finition of A 
t:;.ll [121 +1 ........ 
1 'Y PI 
- S' +--
2 'Y-1Pl 
Therefore A is not a constant, in spite of the fact that the heat re-
leased t:;.ll can be considered as a constant with good approxima-
tion, 
For the first case, S is a constant, and 
S2 (ao) , S2 (pO)7 -1 
MI2 = ~ ~ = ao 2 ~ 7 
where the subscript 0 refers to the stagnation condition before the 
flame. Then 
'Y - 1 S2 'Y - 1 
= --- M l ' ...... [13] 
'Y ai' 'Y 
Similarly 
[14] 
For the second case, S is proportional to the temperature Tl 
or to al'. Then 
M12 = --"- (!I = --"- 1!2 7 S 2 ()' S' ( )7-1 
ao' ao ao' po 
Therdore 
The corresponding derivative of A is 
[16] 
TrIP dl'rivative of' pressure PI with respect to fl can be ex-
pressed in a morr~ convenient form: If ql is the magnitude of 
veloeity immediately ahead of the shock, n the normal distance 
from streamline to streamline, then 
Furthermore, the balance of centripetal forces by pressure re-
quires 
where Rl is the radius of curvature of the streamline immediately 
ahead of the shock, positive when the streamline is concave with 
respect to positive direction of '11. From these two relations 
By substituting Equations [13], [14], and [17] into Equation 
[11 J, and by using Equations [4] and [5], the vorticity w gener-
ated by the flame front for the case of constant flame speed S 
can be determined. By substituting Equations [15 J, [16], and 
[17J into Equation [11], tht' vorticity w for the case of variable 
flame speed can be computed. 
However, it is important to note that the value of the flame 
speed is generally so small as to make MI negligible compared 
with unity. Then pI(dMI2/dpI) is negligibly small in comparison 
with PI(dX/dpI) and the latter is approximately the same for both 
cases, i.e. 
dX 'Y - 1 
PI- ~ - -- (X - 1) for M12« l. .... [18] 
dpi 'Y 
By making the same approximation for the functions of F and G 
and their derivatives, the vorticity generated w is simply 
w ~ ~I (X X 1) for M12« l. ........ [19] 
It is seen from Equation [19] that when RI -> 00, W ~ 0 as ex-
pected. Furthermore, when no combustion occurs, no heat is 
added, and X = 1, then w = o. But when there is combustion, 
the combustion will generate appreciable vorticity of the order 
of ql/RI • 
FLAME WIDTH IN A UNIFORM CHANNEL 
The problem of spreading of the flame in a homogeneous pre-
mixed combustible from an idealized point flame holder located 
at the axis of a two-dimensional uniform channel, Fig. 1, was 
P, 
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FIG. 1 FLAME PROPAGATION IN A Two-DIMENSIONAL COMBUSTION 
CHAMBER OF CONSTANT WIDTH FROM THE POINT FLAME HOLDER 0 
first solved by A. C. Scurlock. 3 For interpreting the experimental 
data, he needs the relation between the flame width YI and the 
fraction of gas burned. He assumes for simplicity of calculation, 
that the fluid is a perfect incompressible fluid. The assumption 
of incompressible flow is justified on the ground that the velocity 
of flow is small compared with the speed of sound. This means 
then the flame :Mach number MI is negligibly small. From 
Equations [4], [5], and [6], it is seen that 
[20J 
Therefore under the assumption of incompressible flow, the ef-
fect of combustion is to change the density by a factor of X (the 
ratio of stagnation temperatures) while the pr'Ossure remains con-
stant. Scurlock then observed that since he is interested in 
cases where the flow velocities are very much larger than the 
normal flame velocity S, the flame fronts will be inclined at small 
angles from the channel axis. The result is that all streamlines 
are nearly parallel to the channel axis. Then as an approxima-
tion, the magnitude of velocity at any point is taken to be the 
magnitude of x-component u (parallel to the channel axis) of 
velocity, and neglect the effects of the curvature of the stream-
lines. If curvature of the streamlines is neglected, the pressure 
variation in the y-direction (normal to the channel axis) due to 
centrifugal forces must be also neglected. Equation [20] fur-
ther shows that there is no pressure change by crossing the flame 
front; then it is evident that the pressure p in any cross section of 
the channel must be constant, whethC'I" in the unburned gas or 
3 
the burned gas. This means the pressure is continuous in the 
whole field. Therefore the velocity u must also be continuous 
by crossing the flame front. 
The entire problem is then reduced to a quasi-one-dimensional 
calculation: The fluid density is constant in respective regions 
of unburned and burned regions. The ratio of densities is X. 
TIll' unbunled gas flows with constant uniform veloeity UO and 
density PI until it reaeill's the seetion containing the flame holder 
0, Fig. 1. The gas immediatl'ly aftpl" the flame holder has still 
the same veloeity UO but a density p" = pI/X. At a section x 
downstream of the flame holder, the velocity at the channel axis 
is increased to u * and the velocity in the unburned gas, uniform 
in the unburned region of the section, is increased from UO to 
'/(1. Tht' pressure p at .r is, however, smaller than the pressure 
pO of the approaching UIlbul"fll'd gas. By using Bernoulli's 
theorem 
pO_p 
.......... [21] 
1 2 .9 pz (u* - ull") 
2 
pO_ P 
Therefore by eliminating p 
1/* ~ (U12 ) 
- = 1 + X -0' - 1 ............ [22] 
'110 1, 
This equation shows that u * is always larger than Ulo 
At the section x, the velocity u in the burned region decreases 
from the value u * at the axis to UI at the flame front y = YJ. 
Scurlock,4 using a laborious numerical method, has computed the 
velocity profile for various values of X. Fig. 2 is taken from his 
paper. The accuracy of the result is, of course, predicated by 
the assumptions. That it cannot be exact is seen by using the 
result of the previous section. Along the axis, the curvature of 
streamline is zero. From Equation [19], the vorticity (Ou/Ox-
au/ay) along the axis is then always zero. Furthermore the y-
component of velocity v is by symmetry zero along the axis. 
Therefore Ov lOx is zero along the axis. The Ou/Oy must be also 
zero along the axis. This is not so in Scurlock's result. This 
discrepancy must be, nevertheless, localized. In gross features 
then, Scurlock's results are accurate for the purpose of flame-
width determinations. 
On the other hand, if gross features are the only results that 
can be expected from the simplified quasi-one-dimensional cal-
culation, the calculation cuuld be made very much simpler: Take 
the velocity profile from y = 0 to Y = YI to be linear. Then with 
Equation [22] 
The condition that the same mass must flow through each sec-
tion then specifies 
pz J:,Yl u ely + PI (b - Yl) 1<1 = PI b UO ...... [24] 
where b is the half width of the channel. By substituting Equa-
tion [23] into [24] and by observing PI/ pz = X 
1 (YI) [~( Ul 2 ) uI] UI ( YI) -- - 1 +X--;-I + - +-- 1--
2X b U 02 U O U O b 
= 1 
By solving for (yI/b), dl'lloted by 1], one has the simple relation 
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FIG.2 VELOCITY PROFILE IN COMBUSTION CHAMBER WITH DIFFERENT FLAME WIDTH AND AT VARIOUS DENSITY RATIOS 
(Computed by A, C. Scurlock. reference 3.) 
where 
Yl 
b 
U-l 
.. [25] 
U - ~ V'-'1-+-X -(U-2--1) 
2X 
U = ut/uo .... ............... [26] 
The fraction of the gas burned f is 
By combining Equation [25] with [26] 
f= (U-l) [VI +X(U2- 1)+U] ........ [28] 
(2X-l)U-Vl+X(U2-1) . 
Equations [25] and [27] can be considered as the parametric 
representation of the relation between the nondimensional flame 
width 1/ and the fraction burned f. Computations7 using these 
equations have been carried out for X = 4, 6, and 8. The re-
sults are compared with Scurlock's results in Fig. 3. The agree-
ment is satisfactory. It seems then there is no need for the com-
plicated numerical procedure of Scurlock.8 
EFFECT OF COMPRESSIBILITY ON FLAME WIDTH 
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Since the cases of interest are cases where the normal flame ous DENSITY RATIOS A. ,'OR INCOMPRESSIBLE FLUID 
speed is small compared with the gas velocity, it is reasonable to 
speak of compressible flow of gas in general while still considering 
the flame Mach number MI in Equations [4], [5], and [6] to be 
negligibly small, Then the conclusions drawn in the previous 
section about changes of density and pressure in crossing the 
flame front still hold. In particular, the temperature of the gas 
is increased by a factor X in crossing the flame holder. The 
X at different points of the flame front is not the same as shown 
by Equation [12]. However, X will be taken to be a constant 
The author is indebted to Mr. D. Shonerd for carrying ou't the 
numerical computations in this paper. 
S In the Appendix. a complete mathematical formulation of Scur-
lock's problem is given. 
as an approximation. Only here Bernoulli's equation must be 
modified for the compressibility effects. Therefore, in place of 
Equation [21] 
1 2 
- u* + cp 7'* 2 
... [29] 
where 7'0, 7'1, and 7'* are the temperatures of the approaching 
unburned gas, the unburned gas at spction x, and the burned gas 
at section x and the channel axis; cp is the specific heat at COll-
stant pressurf'. Along f'ach streamline, thf' entropy of gas is a 
constant in eithf'r the unburned rf'gion or the burned region. 
Therefore, in either region the corresponding isentropic relations 
hold. Equations [29] can then be modified to 
. [301 
By eliminating the pressure ratio p/po, Equation [22] is again 
obtained. Thus the relation between the burned velocity u* 
at the axis and the unburned velocity u, is not modified by the 
compressibility. 
If the linear velocity profile through thf' burned region is again 
assumed, Equation [23] remains true. However, now it is neces-
sary to distinguish the density PI of the unburned gas at section 
x from the density pO of the approaching unburned gas. This 
ratio is easily obtained as 
E! = [1 _ 'Y - 1 Mo2 (U2 - I)J'Y~l ...... [31] 
pO 2 
where MO is the Mach number of the approaching unburned gas, 
un/an, and U is again uJ/uo. By using the approximation that 
the density of fluid decreases by the constant factor I/}.. after 
crossing the flame, the continuity condition is now 
f Jt u dy + PI (b - YI) UI = pO b uo ....... [32] 
By using Equations [23] and [31], Equation [32] gives 
'T] = JI.!.. 
b 
U~ [1 ~ Mo2 (U2-I)]-~ 
( ) 
.. [33] 
1 - ~ U - 2~ VI + }..(U2 - 1) 
The fraction burnedfi~ then 
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PI f = 1 - - U(I - 7]) ............... [34] 
Po 
Equations [33] and [34] together with Equation [31] are the 
parametric representation of the relation between the nondimen-
sional flame width 7] and the fraction burned, f. The results of 
calculation are plotted in Figs. 4, 5, and 6. It is seen that the 
compressibility has little effect on the relation between the flame 
width 7] and the fraction burned f. The curVf'S at different ap-
proach Mach numbers MO lie very close to the incompressible-
flow curve calculated by using Equations [25] and [28]. There-
fore the procedure adopted by Scurlock in using the incompres-
sible curve for all his computations is indeed justified. Figs. 
4, 5, and 6, however, show another very important feature of the 
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problem: Both the flame width TJ and the fraction burned j, 
have maximum values at higher MO. For MO = 0.4, the maxi-
mum flame width is only 1/z of the channel width and the maxi-
mum amount of gas burned is only 1;' of the input. At higher 
values of MO, these fractions are even smaller. This definitely 
shows that for a combustion chamber of constant width, as as-
sumed in the present analysis, it will be difficult if not impossible 
to have complete combustion at high flow velocities, even with a 
good flame holder to initiate the flame. 
What is the physical situation which causes this anomaly? 
By crossing the flame front the flow velocity is maintained, but 
the temperature of the gas is increased by A times. Therefore 
the Mach number of the gas is reduced by combustion. In other 
words, the Mach number of the unburned gas is always higher 
than the Mach number of the burned gas. With equal reduction 
in pressure, the stream tube will contract less if the Mach number 
is higher. In fact, for supersonic flow, the stream tube will ex-
pand instead of contract when the pressure is reduced. There-
fore the effect of compressibility of the gas is to make the width 
of the unburned gas relatively larger than the width for incom-
pressible fluid. The effect is more prominent when the initial 
Mach number is higher. Therefore there will be one initial Mach 
number Meo, called the critical Mach number, for a given value 
of A, at which 
dTJ 
dU o at TJ [35] 
If the initial Mach number MO is greater than Meo, then ~; 
o at fJ < 1. Then the flame width will not be able to increase 
beyond the value of fJ corresponding to that at dfJldU = O. 
It seems that for complete combustion MO should be less than 
Meo. 
Equations [33] and [35] give the following conditions for the 
critical state 
(1 - 2~) Ue - 2~ VI + A(U; -1) 
= Ue - { 1 - I' 2 1M, 02 (U, 2 - 1) } - "Y ~ 1 . . [37] 
From Equations [36] and [37] 
1'-1 
--M02 2 c 
( I' + 1 ) { _ /---} A-I -- U; - 1 AU, + V 1 + A(U 2 - 1) - 2 --- U, 1'-1 c 1'-1 
.... [38J 
This equation and Equation [36] can be used to determine the 
relation between Meo, A, and Ue by numerical method. The 
Mach number M. corresponding to Uc at the critical state is 
.... [39J 
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FIG. 7 CRITICAL CONDITIONS FOR COMPLETE COMBUSTION AT 
VARIOUS DENSITY RATIOS A 
The results of calculation are given in Fig. 7 where Meo, M" Ue 
are plotted against A. From the previous discussion it is seen 
that in order to have complete combustion, the approach Mach 
number MO must be kept below the critical value Meo. For a 
heating ratio A = 8, Meo is only 0.15. Then the velocity for 
complete combustion is below 200 fps. It is interesting to ob-
serve that the local Mach number M" for the unburned gas at 
the critical state, is very close to unity but slightly supersonic. 
It is unfortunate that the results of the present theoretical 
analysis cannot be checked with Scurlock's experiments. The 
few critical cases recorded by Scurlock with high inlet velocity 
to the combustion chamber and small flame holder are made in a 
combustion chamber too short to ascertain whether the flame 
reached the chamber wall. This is, of course, natural as Scur-
lock concentrated his attention on the flame-holder performance. 
but not in the flame-spreading and combustion efficiency. From 
the present investigation it would seem that the problem of flame-
spreading and combustion efficiency is a problem by itself, apart 
from the problem of flame holding, or flame initiation. In fact, 
one should not limit oneself only to combustion chambers of con-
stant width, as it is evident that the way to achieve complete 
combustion at high approach Mach number is to use an expand-
ing combustion chamber for reducing the flow Mach number as 
the combustion progresses. The present analysis is only a be-
ginning in this problem. It serves to point out the general im-
portance of mutual influence of flame front and the flow, and to 
show specifically the limitations of constant-width combustion 
chambers. 
Appendix 
FORMULATION OF SCURLOCK'S PROBLEM AS AN INTEGRAL EQUA-
TION 
Let the flame width increase from ~ to ~ + d~ when distance 
downstream of the flame holder increases from t to dt, Fig. 8. 
The mass of unburned gas at t is PI (b - Dv where 'IJ is the velocity 
of the unburned gas at t (i.e., at x = t, U, = v). The decrease in 
the mass flow of unburned gas, or the mass of gas burned dm be-
tween t and t + dt is thus 
dm = -PI d[(b ~)v] . .............. [40] 
At section x, this fraction of burned mass occupies the width 
dy with a velocity U and density (pt/A). From Bernoulli's equa-
tion applied between section t to x, one has, similar to Equation 
~2J . 
FIG. 8 SCURLOCK'S PROBLEM 
U = v'~ ~UI2-(1-DV2...... . [41] 
By using the relation 
and Equation [40] 
PI 
- u dy = dm t. 
d - v'~ d l(b-~)v] 
y - - ~U12 - (1 -D v2 ........ [42] 
7 
The streamline passing through y = 0 corresponds to v = U O and 
the streamline passing through y = YI corresponds to v = UI. 
Therefore, by integrating Equation [42] 
_ rlv =ul d[(b Dv] 
v=u' 1 
y, = - V t. ~ ( ) ..... [43] 
Ul 2 - 1- - v2 A 
Result of a partial integration of Equation [43] can be written in 
nondimensional variables as 
7J(U) = (A ~ 1)';' { sin-1 ~~ t. 1 - sin-1 ~ ~Y} 
1 JU V2 
+ - r [ ( 1) ]'/2 7J (V)dV ........ [44] 
V t. 1 U2 _ 1 _ - V' 
t. 
where V = v Iu· and 7J(V) = Ub. 
Equation [44] is an integral equation of the second kind for the 
unknown function 7J(U). When A is large, a very accurate value 
of 7J can be obtained by replacing the 7J (V) in the integral of 
Equation [44] by the approximate value given by Equation [25]. 
